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The brane-world cosmological model in higher-dimensional spacetime with a bulk scalar field is
investigated. We derive the (4 + n)-dimensional gravitational field equations for the scalar field on
the (3 + n)-brane in a (5 + n)-dimensional bulk with Einstein gravity plus a self-interacting scalar
field. The (4+n)-dimensional gravitational field equations can be formulated to standard form with
the extra component. Using this formalism we study the Kaluza-Klein brane cosmology. We derive
the Friedmann equation and a possible energy leak out of the brane into the bulk. We present some
exact solutions corresponding to vacuum brane and matter on the brane.
PACS numbers: 04.50.-h, 98.80.Cq, 98.80.Jk, 98.80.Qc
I. INTRODUCTION
The idea that our universe has dimensions more than
four has been around since the first attempts to unify
fundamental forces. The Kaluza-Klein theories were one
of the first attempts towards this direction. According to
the Kaluza-Klein picture, extra dimensions are compact-
ified to a very small length scale (naturally the Planck
scale), and as a result spacetime appears to be effectively
four-dimensions, insofar as low energies are concerned.
On the other hand, inspired by the discovery of D-branes
within string theories, the brane-world scenario is now
one of the most important ideas in high energy physics.
According to brane-world scenario, our physical Universe
is envisioned as a four-dimensional hypersurface in a five-
dimensional bulk spacetime. The standard model mat-
ter is confined to the brane but gravity, by its universal
character, can propagate in the extra dimensions. Much
efforts to reveal cosmology on the brane have been done
in the context of five-dimensional spacetime, especially
after the stimulating proposals by Randall and Sundrum
(RS) [1, 2]. In this model, a five-dimensional realization
of the Horava-Witten solution [3], the hierarchy problem
can be solved by introducing an appropriated exponen-
tial warp factor in the metric. The various properties and
characteristics of the RS model have been extensively an-
∗Electronic address: arianto@fisika.unud.ac.id
†Electronic address: fpzen@fi.itb.ac.id
‡Electronic address: feranie@upi.edu
§Electronic address: widyatmika@fisika.unud.ac.id
¶Electronic address: bobby@fi.itb.ac.id
alyzed: the cosmology framework [4–8], the low energy
effective theory [9–20], the black hole physics [21–26], and
the Lorentz violation [27–37].
The brane-world models with scalar field in the bulk
has been discussed by various authors, see [38] and ref-
erences therein. It is believed that in the unified theory
approach, a dilatonic gravitational scalar field term is re-
quired in the Einstein-Hilbert action [38] . One of the
first motivations to introduce a bulk scalar field is to
stabilize the distance between the two branes [39] in the
context of the first model introduced by Randall and Sun-
drum. A second, motivation for studying scalar fields in
the bulk is due the possibility that such a setup could pro-
vide some clue to solve the famous cosmological constant
problem. Models with inflation driven by bulk scalar
field have been studied and it is shown that inflation is
possible without inflaton on the brane [40]. Later the
quantum fluctuations of brane-inflation and reheating is-
sues are also addressed in the braneworld scenario with
bulk scalar field [41]. The creation of a brane world with
a bulk scalar field using an instanton solution in a five
dimensional Euclidean Einstein equations is also consid-
ered [42].
In this paper, our main purpose is to construct brane
cosmological models in higher-dimensional spacetime
with a bulk scalar field. We generalize the case four-
dimensional brane models to (4 + n)-dimensional brane
models where n represents internal dimensions of the
brane. In order to obtain four-dimensional description
of our Universe, we combine two representative and con-
trastive approachs, that is, the Randall-Sundrum and the
Kaluza-Klein scenario. In the former case, the compact-
ification is done by the localization of the configuration
2along the extra dimension, while in the latter one the
reduction is achieved by the compactification of the in-
ternal space of the brane. Such a way of construction is
called Kaluza-Klein brane-world, and it has been inves-
tigated by various authors [43–51].
This paper is organized as follows. In Section II, we
study a higher brane-worldmodel in a (5+n)-dimensional
spacetime with a bulk scalar field. We derive the (4+n)-
dimensional Einstein equations using the geometrical ap-
proach. We transform the non-conventional kinetic term
in the Einstein equations into the standard form. In Sec-
tion III, the Kaluza-Klein brane worlds cosmology is pre-
sented by using the extra component formalism. Then we
discuss the vacuum brane solutions with an initial singu-
larity and a possible energy leak out of the brane into
the bulk. For completeness, we study the static internal
dimension with matter on the brane in Section IV. We
derive the Friedmann equation and a possible energy leak
out of the brane into the bulk. In section V, we study
dimensional reduction of the higher-dimensional theory
and then performing a conformal transformation in or-
der to recover ordinary 4-dimensional general relativity.
Section VI is devoted to the conclusions.
II. EFFECTIVE GRAVITATIONAL EQUATIONS
A. Action and field equations
We consider the higher-dimensional dilatonic brane-
world, i.e. the higher-dimensional brane-world where the
bulk is allowed to contain a single non-gravitational de-
gree of freedom, the scalar field φ. A (3 + n)-brane
with the (4 + n)-dimensional spacetime embedded in
the (5 + n)-dimensional spacetime is located at y = 0,
where the y direction is compactified on the orbifold.
This higher-dimensional dilatonic brane-world model is
described by the action
S =
∫
d5+nx
√−g
[
1
2κ2
R− 1
2
gab∇aφ∇bφ− V (φ)
]
+
∫
d4+nx
√
−h [−σ(φ) + Lm] , (1)
where R is the Ricci scalar of the (5 + n)-dimensional
metric gab. σ is the brane tension which is allowed to the
function of φ, and Lm is the Lagrangian for matter lo-
calized on the brane. A metric hµν is the induced metric
on the brane.
We write the coordinate system for the bulk spacetime
in the form
ds2 = gabdx
adxb = dy2 + gµν(y, x)dx
µdxν , (2)
and we may assume that the position of the brane is y = 0
in this coordinate system so that the induced metric on
the brane is hµν(x) = gµν(y = 0, x) and the extrinsic
curvature is defined as
Kµν = −1
2
∂
∂y
gµν ≡ −1
2
gµν,y. (3)
The Einstein equations can be obtained by varying the
action (1) with respect to the gravitational field gab,
Gab = κ2Tab + κ2δµa δνb (−σgµν + tµν)δ(y), (4)
where Gab = Rab − gabR/2 is the (5 + n)-dimensional
Einstein tensor, and Tab is the energy–momentum tensor
for the scalar field,
Tab = ∇aφ∇bφ− gab
(
1
2
gcd∇cφ∇dφ+ V (φ)
)
, (5)
while the total energy–momentum tensor on the brane
tµν is defined as
tµν ≡ −2 δLm
δgµν
+ gµνLm. (6)
The equation of motion for the scalar field reads:
∇a∇aφ− V ′(φ) − σ′(φ)δ(y) = 0, (7)
where a prime denotes a derivative with respect to φ.
In the coordinate system (2) and by the application
of the Gauss-Codazzi equations, one has the (5 + n)-
dimensional field equations as follows
Gyy = −
1
2
R+
1
2
K2 − 1
2
KαβKαβ = κ
2T yy, (8)
Gyµ = −∇αKµα +∇µK = κ2T yµ, (9)
Gµν = Gµν + (Kµν − δµνK),y −KKµν
+
1
2
δµν(K
2 +KαβKαβ)
= κ2T µν + κ2 (−σδµν + tµν) δ(y), (10)
where Gµν = R
µ
ν−δµνR/2 is the (4+n)-dimensional Ein-
stein tensor and the covariant derivative ∇µ is calculated
with respect to the metric gµν . Combining equations (8)
with (10), and using the (5 + n)-dimensional Weyl ten-
sor, we obtain the following (4+n)-dimensional Einstein
equations
Gµν = −KµαKαν +KKµν +
1
2
δµν
(
KαβK
αβ −K2)
+
2+ n
3 + n
κ2
[
T µν −
1
4 + n
δµνT αα +
3 + n
4 + n
δµνT yy
]
−Eµν , (11)
Here, we have defined that the term T αα is the trace
defined with respect to the (4 + n)-dimensional metric
gµν , and the projected Weyl tensor is defined as Eµν =
Cyµyν |y=0. To eliminate the extrinsic curvature, we need
the junction conditions. It can be obtained by collecting
together the terms in field equations which contain a δ-
function. By assuming Z2-symmetry we find
[Kµν − δµνK] |y=0 =
κ2
2
(−σδµν + tµν) , (12)
[∂yφ] |y=0 = 1
2
σ′(φ). (13)
3Using this junction conditions, we find the (4 + n)-
dimensional generalization of the Shiromizu-Maeda-
Sasaki equations [5],
Gµν =
(2 + n)κ4
4(3 + n)
σtµν
+
(2 + n)κ2
(3 + n)
[
∇µφ∇νφ− (5 + n)
2(4 + n)
δµν∇αφ∇αφ
]
−Λbδµν + κ4piµν − Eµν , (14)
where the induced cosmological constant on the brane is
given by
Λb(φ) =
(2 + n)κ2
(4 + n)
[
V +
(4 + n)κ2
8(3 + n)
σ2 − 1
8
σ′2
]
,(15)
and the local quadratic energy-momentum tensor on the
brane is
piµν = −
1
4
tµαt
α
ν +
1
4(3 + n)
ttµν
+
1
8
δµν
(
tαβt
αβ − 1
3 + n
t2
)
. (16)
We note that Eq. (15) may not be constant in general,
as is clear from its expression. The first term comes from
the scalar field potential. The second term is contribution
from the brane tension, which yields extrinsic curvature
of the brane and its quadratic. The third term is the
first derivative of the brane tension, which leads to a
discontinuity in the scalar field gradient normal to the
brane.
The scalar field equation of motion is given by
∇α∇αφ− 1
κ2
Λ′b(φ) = Jn, (17)
where a possible energy leak out of the brane into the
bulk, Jn, is defined by
Jn =
(2 + n)
4(4 + n)
(
σ′σ′′ − κ
2
3 + n
σt
)
+
2
4 + n
∇α∇αφ
−2 + n
4 + n
[∂2yφ]y=0. (18)
B. Extra component formalism
The induced Einstein equations on the brane, Eq. (14),
contain the non-conventional kinetic term. However, we
can transform the non-conventional kinetic term into the
standard form, then Eq. (14) can be rewritten as
Gµν = κ
2
(
∇µφ∇νφ− 1
2
δµν∇αφ∇αφ
)
− κ2Veff δµν
+Xµν , (19)
where the extra component Xµν is defined as
Xµν ≡ Y µν −Zµν , (20)
with
Y µν ≡
(2 + n)κ4
4(3 + n)
σtµν + κ
4piµν , (21)
and
Zµν ≡ Eµν +
1
(3 + n)
(
∇µφ∇νφ− 1
4 + n
δµν∇αφ∇αφ
)
.
(22)
Following Eq. (17) we have defined the effective po-
tential Veff = Λb/κ
2, where the induced cosmological
constant on the brane Λb is given by Eq. (15). Then the
scalar field equation of motion becomes
∇α∇αφ− V ′eff = Jn. (23)
From Eq. (19), the Bianchi identity implies
∇µXµν = −κ2Jn∇νφ. (24)
Note that the energy-momentum tensor of the extra com-
ponent is not conserved due to the existence of the bulk
scalar field. In the absence of matter on the brane,
Y µν = 0, then we have X
µ
µ = −Zµµ = 0. In this
case, we can interpret the extra component as the energy-
momentum tensor for the dark radiation.
In the following section, we attempt to study an-
alytically the cosmological consequences of higher-
dimensional brane-world. We used the extra component
formalism to discuss cosmology in the brane Universe in
the context of the Kaluza-Klein brane-world scheme, i.e.,
to consider Kaluza-Klein compactifications on the brane.
III. DILATONIC KALUZA-KLEIN
BRANE-WORLD COSMOLOGY
For the cosmological applications, we are interested
in homogeneous and isotropic geometries on the brane,
hence the metric on the brane is taken as the Friedmann-
Robertson-Walker metric,
ds2 = −dt2 + a2(t)δijdxidxj + b2(t)δαβdzαdzβ, (25)
where δij represents the metric of three-dimensional or-
dinary spaces with the spatial coordinates xi (i = 1, 2, 3),
while δαβ represents the metric of n-dimensional compact
spaces with the coordinates zα (α = 4, . . . , 3 + n). We
assume that the internal space is given by n-dimensional
torus. The scale factor b denotes the size of the inter-
nal dimensions, while the scale factor a is the usual scale
factor for the external space.
In the background metric (25) and assuming that φ
4only depends on time, we obtain the following equations
G00 = −κ2
(
1
2
φ˙2 + Veff
)
+X00, (26)
Gij = κ
2
(
1
2
φ˙2 − Veff
)
δij +X
i
j , (27)
Gαβ = κ
2
(
1
2
φ˙2 − Veff
)
δαβ +X
α
β , (28)
φ¨+ 3Haφ˙+ nHbφ˙+ V
′
eff = −Jn, (29)
t˙00 + 3Ha
(
t00 − t11
)
+ nHb
(
t00 − t44
)
= 0, (30)
where Ha = a˙/a and Hb = b˙/b, and the components of
the (4 + n)-dimensional Einstein tensor are
G00 = −3
(
H2a +
ka
a2
)
− n
[
(n− 1)
2
H2b + 3HaHb +
(n− 1)
2
kb
b2
]
, (31)
Gij = −
(
2H˙a + 3H
2
a +
ka
a2
)
δij − n
[
H˙b +
(n+ 1)
2
H2b + 2HaHb +
(n− 1)
2
kb
b2
]
δij , (32)
Gαβ = −3
(
H˙a + 2H
2
a +
ka
a2
)
δαβ − (n− 1)
[
H˙b +
n
2
H2b + 3HaHb +
(n− 2)
2
kb
b2
]
δαβ . (33)
The values of ka and kb are related to the curvatures of
the external space and the internal space, respectively.
In this paper we assume kb = 0 for simplicity. Equations
(26)-(30) are our basic equations to study cosmology in
the Kaluza-Klein brane-world.
The constraint equation for the extra component is
given by
X˙00 + 3Ha
(
X00 −X11
)
+ nHb
(
X00 −X44
)
= −κ2Jnφ˙.
(34)
By combining Eqs. (26), (27), and (28) one can write
X00+3X
1
1−2X44 = G00+3G11−2G44+2κ2Veff . (35)
A. Solutions with Λb = 0 and Jn = 0
Let us first consider that the bulk and brane potentials
obey the generalized Randall-Sundrum condition Λb = 0,
so that Veff = 0, and the energy conservation for scalar
field on the brane is satisfied, Jn = 0. The solution of
Eq. (29) is given by
φ˙ =
cφ
a3bn
, (36)
where cφ is an integration constant. Note that the scalar
field depends on both the external scale factor and the
internal scale factor, φ(t) = φ(a(t), b(t)).
In the following we consider a special case in which
the brane-world evolves with two scale factors. We take
a simple relation between the scale factors on the brane
of the form b(t) = aγ(t), where γ is a constant. For
the internal scale factor b(t) to be small compared to
the external scale factor a(t), the constant γ should be
negative. In this choice we have Hb = γHa ≡ γH , and
then Eq. (34) becomes
X˙00+(4 + nγ)HX
0
0 = −nγ(1−γ)
[
H˙ + (3 + nγ)H2
]
H.
(37)
The Friedmann equation is given by
3(1 + α0)H
2 = −3ka
a2
+
κ2
2
c2φ
a2(3+nγ)
−X00, (38)
where
α0 =
nγ(6− γ + nγ)
6
. (39)
The extra component X00 is determined by the solution
of the equation (37) which can be rewritten as
X˙00 + (4 + β0)X
0
0H = β1
ka
a2
H, (40)
where
β0 =
nγ(2 + γ + nγ)
3 + nγ
, β1 =
6nγ(1− γ)
3 + nγ
,
β2 =
3n(1− γ)(n− 1)(4 + γ + 3nγ)
4(3 + nγ)
. (41)
Note that the effect of internal dimension is given by def-
initions (39) and (41). Equation (40) can be integrated
to gives
X00 =
β1
2 + β0
ka
a2
− ε0
a4+β0
, (42)
5where ε0 is an integration constant. Inserting Eq. (42)
into Eq. (38), we find the modified Friedmann equation
3(1 + α0)H
2 = −3
[
1 +
β1
3(2 + β0)
]
ka
a2
+
κ2
2
c2φ
a2(3+nγ)
+
ε0
a4+β0
. (43)
In what follows we study the solutions with an initial
singularity (a = 0). Using the conformal time variable
η defined by the differential relation dt = adη, we can
rewrite Eq. (43) as
3(1 + α0)
(
da
dη
)2
= −3
[
1 +
β1
3(2 + β0)
]
kaa
2
+
κ2
2
c2φ
a2(1+nγ)
+
ε0
aβ0
, (44)
and Eq. (36) as
dφ
dη
=
cφ
a(2+nγ)
. (45)
In the following we consider three cases: γ = 0,±1.
In the case γ = −1, the internal scale factor b(t) is
proportional to b(t) = 1/a(t). We have a → 0, and the
infinitely large internal space, b→∞.
In the case γ = 1, the internal scale factor b(t) is re-
lated to a(t) as b(t) = a(t). The external scale factor
evolves as
a2+n(τ) =
ε0τ (τ + τc)
3(1 + kaτ2)
, (46)
where the new variable time is given by
τ(η) =


√
3(2+n)
2(3+n) |η|, for ka = 0
tan
√
3(2+n)
2(3+n) |η|, for ka = +1
tanh
√
3(2+n)
2(3+n) |η|, for ka = −1
, (47)
and
τc =
√
6κ|cφ|
ε0
. (48)
The scalar field evolves as
φ− φ0 = ±
√
3 + n
(2 + n)κ2
ln
∣∣∣∣ τε0(τ + τc)
∣∣∣∣ , (49)
for ε0 6= 0, or
φ− φ0 = ±
√
3 + n
(2 + n)κ2
ln |τ | , (50)
for ε0 = 0, where ± corresponds to the sign of cφ. Note
that the initial singularity appears at τ = 0. If we convert
to proper time the evolution of the scale factor with cφ 6=
0 is given by
a(t) =
(
2
3
) 1
2(2+n)
(
3 + n
2 + n
) 5+n
2(2+n)(3+n)
(κcφ)
1
3+n t
1
3+n .
(51)
Then, the Universe starts expanding away from the initial
singularity.
More interesting case is in the static internal dimen-
sion, γ = 0, we obtain
a2(τ) =
ε0τ (τ + τc)
3(1 + kaτ2)
, (52)
where
τ(η) =


|η|, for ka = 0
tan |η|, for ka = +1
tanh |η|, for ka = −1
, (53)
and
φ− φ0 = ±
√
3
2κ2
ln
∣∣∣∣ τε0(τ + τc)
∣∣∣∣ , (54)
for ε0 6= 0, or
φ− φ0 = ±
√
3
2κ2
ln |τ | , (55)
for ε0 = 0. In a spatially flat Universe the evolution of
the scale factor is the same as the standard cosmological
solution with stiff matter,
a(t) =
(
3
2
c2φκ
2
)1/6
t1/3. (56)
We also find that the Universe starts expanding away
from the initial singularity.
B. Solutions with exponential potential
We may now consider the case when the bulk scalar
field potential and the brane tension are given as expo-
nents, with some constant parameters V0, σ0 and λ,
V (φ) = V0 exp
(
− 2
3 + n
λκφ
)
, (57)
σ(φ) = σ0 exp
(
− 1
3 + n
λκφ
)
. (58)
These are string-inspired values for the potentials [52–
54]. Then the effective potential is given by
Veff = Veff,0 exp
(
− 2
3 + n
λκφ
)
=
Λb
κ2
, (59)
where
Veff,0 =
2 + n
4 + n
V0 +
(2 + n)κ2σ20
8(3 + n)
[
1− λ
2
3(4 + n)
]
. (60)
6We also assume the proportionality relation between the
scalar field and the logarithm of the scale factors,
φ =
λ
κ
ln(ab) =
λ
κ
ln(a1+γ). (61)
From the above model, if λ = 0 we have φ = 0 and then
V = V0, σ = σ0, and Veff = Veff,0. The induced cosmo-
logical constant on the brane, Λb, is exactly constant. If
we set Λb = 0, the generalized Randall-Sundrum condi-
tion is given by
σ0 =
√
8(3 + n)
(4 + n)κ
(−V0). (62)
For the positive brane tension, V0 must be negative.
Thus V0 can be interpreted as a bulk cosmological con-
stant and the Randall-Sundrum brane is a slice in (5+n)-
dimensional anti-de Sitter spacetime. For vanishing the
extra component Xµν or the Weyl tensor Eµν , we have
the Minkowski spacetime on the brane.
Applying the above model, Eq. (34) becomes
X˙00 + (4 + β0λ)X
0
0H = β1λ
ka
a2
H + β3κ
2VeffH, (63)
where
β0λ = β0 +
(1 + γ)2
3 + nγ
λ2, β1λ = β1 − 6(1 + γ)
2
3 + nγ
λ2,
β2λ = β2 − (n− 1)(3 + 5n)(1 + γ)
2
4(3 + nγ)
λ2,
β3 =
6n(1− γ)2
(2 + n)(3 + nγ)
+
2(1 + γ)(3 + 3n+ n2 + 4nγ + 9γ)
(2 + n)(3 + n)(3 + nγ)
λ2. (64)
The solution of Eq. (63) is given by
X00 =
β1λ
2 + β0λ
ka
a2
+
(3 + n)β3
(3 + n)(4 + β0λ)− 2λ2κ
2Veff
− ε0λ
a(4+β0λ)
, (65)
where ε0λ is an integration constant. The Friedmann
equation is given by
3(1 + α0λ)H
2 = −3
[
1 +
β1λ
3(2 + β0λ)
]
ka
a2
+
[
1− (3 + n)β3
(3 + n)(4 + β0λ)− 2λ2
]
κ2Veff,0
a2λ2/(3+n)
+
ε0λ
a(4+β0λ)
, (66)
where
α0λ = α0 − 1
6
(1 + γ)2λ2. (67)
We also find that a possible energy leak out of the brane
into the bulk is in the form
Jn = −3(1 + α0λ)
3 + nγ
Hφ˙− (1 + γ)λ
(3 + nγ)κ
×
[
n(1 + n) + γ(12 + 3n− n2)
(2 + n)(3 + n)(1 + γ)
κ2Veff,0
a2λ2/(3+n)
− 3ka
a2
]
.(68)
Note that equations (66) and (68) include five-
dimensional case, corresponding to n = 0 [54]. By con-
trast, in higher dimensions, Jn depends on the effective
potential or the induced cosmological constant on the
brane. For example, in the static internal dimension,
γ = 0, and assuming ka = 0 for simplicity, we find
Jn = −
(
1− λ
2
6
)
Haφ˙− n(1 + n)λ
3(2 + n)(3 + n)κ
Λb, (69)
where we have used κ2Veff = Λb. If we impose the gen-
eralized Randall-Sundrum condition, Λb = 0, the energy
is flowing onto the brane when λ2 < 6, and flowing out to
the brane when λ2 > 6. For Λb > 0, the energy is flowing
onto the brane when 0 < λ <
√
6, and flowing out to the
brane when λ < −√6. While for Λb < 0, the energy is
flowing onto the brane when −√6 < λ < 0, and flowing
out to the brane when λ >
√
6.
IV. STATIC INTERNAL DIMENSION
SOLUTIONS WITH MATTER ON THE BRANE
In the previous section we have focussed upon dilaton-
vacuum solutions on the brane. For completeness we now
study the presence of matter on the brane. In this case
we do not have Xµµ = 0. Indeed, we have Zµµ = 0 which
it implies
Z00 + 3Z11 + nZ44 = 0. (70)
Using Eq. (20) and by combining Eqs. (35) and (70) we
find
−nZ44 = Z00 + 3Z11 = −
n
2 + n
(
G00 + 3G
1
1 − 2G44
)
− 2n
2 + n
κ2Veff +
n
2 + n
(
Y 00 + 3Y
1
1 − 2Y 44
)
, (71)
where Y µν is given by Eq. (21) with the components of
piµν are
7pi00 = −
1
8(3 + n)
{
2
(
t00
)2
+ n
[(
t00
)2 − 3 (t11 − t44)2]} , (72)
piij =
1
8(3 + n)
{
2
(
t00
)2 − 4t00t11 + n [(t00)2 − 2t00t44 + (t11 − t44) (t11 − 3t44)]} δij , (73)
piαβ =
1
8(3 + n)
{
2
(
t00
)2 − 6t00t11 + 2t44 (t00 + 3t11 − 3t44)+ n [(t00)2 − 2t00t44 + 3 (t11 − t44)2]} δαβ . (74)
Here −t00 is the total energy density, t11 = t22 = t33 the
total external pressure and t44 = t
5
5 = . . . = t
3+n
3+n the
total internal pressure. Inserting Eq. (20) into Eq. (34)
and then eliminating Z11 and Z44 by using Eq. (71), we
find
Z˙00 + (4Ha + nHb)Z00 = κ2Jnφ˙
− n
2 + n
(
G00 + 3G
1
1 − 2G44 + 2κ2Veff
)
(Ha −Hb)
+Y˙ 00 +
2
2 + n
[
(3 + 2n)Y 00 − 3Y 11 − nY 44
]
Ha
+
n
2 + n
[
(1 + n)Y 00 − 3Y 11 − nY 44
]
Hb. (75)
Note that in the absence of matter on the brane, Zµν =
−Xµν , Eq. (75) reduced to Eq. (34).
In the following we study the static internal dimension
case for simplicity. In this case we have
Hb = 0, and G
0
0 + 3G
1
1 − 2G44 = 0. (76)
Then, Eq. (75) becomes
Z˙00 + 4Z00Ha = κ2Jnφ˙−
2n
2 + n
κ2VeffHa + Y˙
0
0
+
2
2 + n
[
(3 + 2n)Y 00 − 3Y 11 − nY 44
]
Ha. (77)
The conservation of the energy-momentum tensor for the
matter field on the brane and the equation of motion of
the scalar field, respectively, are given by
t˙00 = −3Ha
(
t00 − t11
)
, (78)
φ¨+ 3Haφ˙+ V
′
eff = −Jn. (79)
Eliminating Y µν in Eq. (77), we obtain
Z˙00 + 4Z00Ha = κ2Jnφ˙−
2n
2 + n
κ2VeffHa
+
(2 + n)κ4
4(3 + n)
σ′φ˙t00 +
nκ4
4(3 + n)
σ
[
t00 + 3t
1
1 − 2t44
]
Ha
+κ4p˙i00 +
2
2 + n
[
(3 + 2n)pi00 − 3pi11 − npi44
]
Ha. (80)
We now consider the exponential potential as discussed
in the previous section with static internal dimension.
By defining the equations of state t11 = −wit00, t44 =
−wαt00, and inserting Eq. (79) into Eq. (80) for Jn, one
can integrate the following equation,
Z˙00 +
(
4 +
λ2
3
)
Z00Ha = −
6n(3 + n) + 2(3 + 3n+ n2)b2
3(2 + n)(3 + n)
κ2VeffHa + 2λ
2 ka
a2
Ha
+
3n(3 + n)(1 − 3wi + 2wα) + [3 + 3n+ n2 − (3 + n)(3wi + nwα)]λ2
12(3 + n)2
κ4σt00Ha
+
3n(1− 3wi + 3wα)(wα + 3(1 + wi)(wi − wα)) + [3wi + nwα + 3n(wi − wα)2]λ2
12(3 + n)
κ4(t00)
2Ha, (81)
and yields
8Z00 = −
6n(3 + n) + 2(3 + 3n+ n2)λ2
(2 + n)[12(3 + n) + (n− 3)λ2]κ
2Veff
−3n(3 + n)(1− 3wi + 2wα) + [3 + 3n+ n
2 − (3 + n)(3wi + nwα)]λ2
4(3 + n)[3(3 + n)(1− 3wi) + nλ2] κ
4σt00
+
3n(1− 3wi + 3wα)[wα + 3(1 + wi)(wi − wα)] + [3wi + nwα + 3n(wi − wα)2]λ2
4(3 + n)[6(1 + 3wi)− λ2] κ
4(t00)
2. (82)
Inserting Eq. (82) into (00)-component of the Einstein
equations we find
H2a +
k¯a
a2
= β4κ
2Veff + 8piGeffρ+ β5ρ
2 +
C¯
a4+λ2/3
, (83)
Jn = −
(
1− λ
2
6
)
Haφ˙+
λ
κ
ka
a2
− n(1 + n)λκ
3(2 + n)(3 + n)
Veff − (1− 3wi − nwα)λκ
3
12(3 + n)
σρ
+
[4(1 + 3wi) + 2n(2 + 2wi + 3wα + 3(wi − wα)2) + n2(1 + 2wi + 3(wi − wα)2)]λκ3
24(2 + n)(3 + n)
ρ2, (84)
where ρ = −t00, and
k¯a =
(
1 +
λ2
6
)−1
ka, (85)
β4 =
2(3 + n)(4 + n)
(2 + n)[12(3 + n) + (n− 3)λ2] , (86)
8piGeff =
(1 − 3wi − nwα)
2(3 + n)(1− 3wi) + 2nλ2κ
4σ, (87)
β5 =
2(1 + 3wi) + n(1 + 2wα) + 3(wi − wα)2
4(3 + n)[6(1 + 3wi)− λ2] κ
4(88)
C¯ =
1
3
(
1− λ
2
6
)−1
C. (89)
The first two terms on the right hand side of (83) are what
we would expect for standard four dimensional cosmol-
ogy. The third term is quadratic in the brane energy mo-
mentum tensor, and the fourth term is a generalized dark
radiation energy component. Note that in contrast with
five-dimensional case, the effective gravitational constant
depends on time through the brane tension and the equa-
tion of state. One can obtain the variation rate of the
effective gravitational constant is
G˙eff
Geff
= − λ
2
3 + n
Ha. (90)
We see that the variation rate of the effective gravi-
tational constant is smaller than five-dimensional case
(n = 0) with the exponential potential [54], and it is
relatively small if the number of the internal dimension
n is large. Observational bounds on G˙eff/Geff then
constrain the parameters of the theory. If we assume
|G˙eff/(GeffHa,0)| . 10−2, where Ha,0 is the value of
the Hubble parameter today, we have λ2 . (3 + n)/100.
V. COSMOLOGICAL EVOLUTION OF THE
SOURCES IN THE EINSTEIN FRAME
In the previous sections, we have discussed the cos-
mological evolutions in the induced metric frame, which
is given by Eq. (14). In this section, we study the 4-
dimensional cosmological evolution in the Einstein frame
and discuss the properties of the resulting 4-dimensional
cosmological evolution in this frame. A complementary
way of studying higher-dimensional theories is to dimen-
sionally reduce the action by integrating out the internal
dimensions and then perform a conformal transforma-
tion.
From Eq. (14) we define the Newton gravitational con-
stant in (4 + n)-dimensions as
8piG4+n =
(2 + n)κ4
4(3 + n)
σ. (91)
If the brane tension is not depending on the bulk scalar
field (minimally coupled), the (4 + n)-dimensional New-
ton gravitational constant is truly constant. In this sec-
tion we assume σ = const. Note that recovering the 4-
dimensional effective Newton gravitational constant re-
9quires an additional time-dependent factor,
8piG4 =
8piG4+n
Vn
, (92)
where Vn denotes the volume of the n-dimensional inter-
nal spaces, while the 4-dimensional cosmological constant
is given by
Λ4 = VnΛb, (93)
where Λb is given by Eq. (15). Note that both G4 and
Λ4 are time-dependent. However, it must be remembered
that we are not in the Einstein frame. Similarly, the 4-
dimensional energy density is given by ρ4 = Vnρ.
One can compare the time-dependent of the effective
Newton gravitational constant Eqs. (87) and (92). We
find
G4 =
(2 + n)[2(3 + n)(1− 3wi) + 2nλ2]
4(3 + n)(1 − 3wi − nwα)
Geff
Vn
. (94)
Here, Vn to be a constant, which corresponding to the
static internal dimensions. As we expected
G˙4
G4
=
G˙eff
Geff
. (95)
However, for the static internal dimensions case with
a constant brane tension, the effective Newton gravita-
tional constant is exactly constant. It depends on the
equations of state, the potential parameter λ and the
number of internal dimensions.
In order to recovering 4-dimensional cosmological evo-
lution in the Einstein frame, we proceed through three
steps: (1) a dimensional reduction of the (4 + n)-action
by integrating out the internal dimensions; (2) a confor-
mal transformation of the 4-dimensional induced metric
into Einstein frame; (3) a redefinition of the scale factor
b into a new scalar field to give its kinetic term a canon-
ical form. From the gravitational sector, the resulting
4-dimensional Einstein frame action is given by
S∗ =
∫
d4x
√
−h∗
[
1
16piG4∗
R∗ − 1
2
h∗µν∂µΦ∂νΦ
+V∗(Φ)] , (96)
where we mark the quantities in the Einstein frame with
the subscript ∗ and a new scalar field is defined by
Φ =
√
n(2 + n)
16piG4∗
ln b. (97)
We also have the relations between the variables in the
4-dimensional induced metric frame and those in the Ein-
stein frame as
dt∗ = b
n/2dt, a∗ = b
n/2a, (98)
where the scale factor b is appropriately expressed in Φ.
Hence we have the relation
Ha∗ = b
−n/2
(
Ha +
n
2
Hb
)
. (99)
whereHa∗ is the Hubble parameter in the Einstein frame,
Ha∗ =
1
a∗
da∗
dt∗
. (100)
In the static internal dimensions case, b = b0 = 1, we
have a∗ = a so that Ha∗ = Ha.
From the matter sector, we have
ρ∗ = b
−2nρ4. (101)
Assuming Vn ∼ bn, the evolution of the 4-dimensional
energy density in the Einstein frame is given by
ρ∗ ∝ b−n2 (1−3wi+2wα)a−3(1+wi)∗ . (102)
Note that we recover standard 4-dimensional energy den-
sity for n = 0 or if the equations of state satisfy the
following constraint:
1− 3wi + 2wα = 0. (103)
For instance, in the radiation-dominated era wi = 1/3,
we find wα = 0, the internal pressure drops to zero.
Moreover, in order to understanding the physical inter-
pretations of the constraint (103), let us consider equa-
tion (76). Since the components of the Einstein tensor are
corresponding to the matter field: G00 ∼ t00, G11 ∼ t11,
and G44 ∼ t44, and using the relations t11 = −wit00,
t44 = −wαt00, the constraint (103) can be interpreted as
a necessary condition for static internal dimensions.
We have shown that we can obtain the standard cos-
mology in the Einstein frame by assuming a constant
brane tension. In the case of the non-minimally cou-
pled to bulk scalar field, in which the brane tension is
a function of the bulk scalar field, a conformal trans-
formation is determined by the form of brane tension.
For instance, if the brane tension is given by Eq. (58),
the Einstein frame is obtained by a conformal transfor-
mation of the 4-dimensional metric: h∗µν = b
ne2ϕhµν ,
where 2ϕ = λκφ/(3+n). Then the Hubble parameter in
the Einstein frame is related to the Hubble parameter in
the induced metric frame as
Ha∗ = b
−n/2e−ϕ
(
Ha +
n
2
Hb + ϕ˙
)
, (104)
and the evolution of the 4-dimensional energy density in
the Einstein frame is given by ρ∗ = b
−ne−4ϕρ, with ρ is
the higher-dimensional energy density.
VI. CONCLUSIONS
In this paper we studied the brane-world cosmological
model in higher-dimensional spacetime with a bulk scalar
field. The (4 + n)-dimensional gravitational field equa-
tions can be formulated to standard form with the extra
component. In the absence of the matter on the brane,
we can interpret the extra component as the energy-
momentum tensor for the dark radiation. We used this
10
formalism to discuss cosmology in the brane Universe in
the context of the Kaluza-Klein brane-world scheme, i.e.,
to consider Kaluza-Klein compactifications on the brane.
By assuming the cosmological symmetry on the Kaluza-
Klein brane, we derived the Friedmann equation and a
possible energy leak out of the brane into the bulk.
If the bulk and brane potentials obey the generalized
Randall-Sundrum condition and the energy conservation
for scalar field on the brane is satisfied, we find that the
brane Universe starts expanding away from the initial
singularity both for the internal scale factor is propor-
tional to the external scale factor and the static internal
scale factor. A significant result in present study is that
the possibility of energy flow out of the brane into the
bulk, which it depends on the effective potential or the
effective cosmological constant on the brane. It is differ-
ent with the five-dimensional dilatonic brane-world cos-
mologies. By constraining the potential parameter λ and
the effective cosmological constant, there exist two pos-
sibilities of the energy flows: onto and out to the brane.
Finally, we derive the Friedmann equation with matter
on the brane. We find that the effective gravitational
constant depends on time through the brane tension and
the equation of state. However, after appropriate con-
formal transformation, the 4-dimensional Newton gravi-
tational constant in the Einstein frame is true constant.
A new result in Section V is that we recover standard
4-dimensional energy density in the Einstein frame if the
equations of state satisfy the constraint Eq. (103).
There would be various extensions of our considera-
tions. By introducing a bulk scalar field, it is interesting
to stabilize the distance between the two Kaluza-Klein
branes as is done in the context of the first model in-
troduced by Randall and Sundrum. It also important
to understand inflation without inflaton and the quan-
tum fluctuations of brane-inflation in the Kaluza-Klein
brane scenario with a bulk scalar field. It is intriguing to
consider the low energy description of this brane-world
model [51]. We leave these issues for future studies.
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